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We study the dynamics of pattern formation in a minimal model for active mixtures made of
microtubules and molecular motors. We monitor the evolution of the (conserved) microtubule den-
sity and of the (non-conserved) nematic order parameter, focusing on the effects of an “anchoring”
term that provides a direct coupling between the preferred microtubule direction and their density
gradient. The key control parameter is the ratio between activity and elasticity. When elasticity
dominates, the interplay between activity and anchoring leads to formation of banded structures
that can undergo additional bending or rotational instabilities. When activity dominates, the na-
ture of anchoring instead gives rise to a range of active cellular solids, including aster-like networks,
disordered foams and spindle-like patterns. We speculate that the introduced “active model C”
with anchoring is a minimal model to describe pattern formation in a biomimetic analogue of the
microtubule cytoskeleton.
I. INTRODUCTION
A suspension of cytoskeletal filaments and motor pro-
teins is a paradigmatic example of active matter [1–3].
This system is active as the filaments can be moved with
respect to each other by molecular motors, which con-
sume chemical energy in the form of ATP and drive the
system out of equilibrium. A typical example of such
motors is given by kinesin [4] and its synthetic analogues
that were shown to cross-link microtubules (MTs) and to
push them apart.
In the last two decades, reconstituted systems contain-
ing stabilised microtubules and kinesin motors have be-
come a standard experimental platform to investigate ac-
tive phenomena [5–8]. Such biomimetic systems harbour
a striking variety of different patterns including exten-
sile active bundles [8–10], asters [5] or aster networks
[6, 11, 12]. Notably, the same motors can organize MT
filaments into different types of structures. For exam-
ple, kinsein-5 can, under distinct conditions, lead to the
formation of bundles, asters or networks [12].
Active behaviour of MT-motor mixtures has tradition-
ally been explained within the active gel framework [13].
This approach usually tacitly assumes momentum con-
servation and an incompressible active system. However,
experimental results show that the spatial distribution
of MTs can be strongly inhomogeneous, as they often
form distinct dense clusters separated by almost empty
spaces [10, 14, 15]. Therefore, the MT-motor mixture
is normally compressible. Additionally, in the experi-
mentally relevant case of MT-motor mixtures bound to
a substrate, the latter works as a momentum sink which
quenches fluid flow, so that momentum is not conserved.
On symmetry grounds, it is reasonable to expect a
coupling between the density gradients and the orienta-
tional order parameter within a general inhomogeneous
active system. Previous work has shown that extensile
activity can lead to a preferential tangential alignment
of MTs/active filaments at the surface [16, 17], and that
an interfacial active torque can arise when a microscopic
model for a MT-motor mixture is coarse-grained. Such
a torque is proportional to double gradients of the MT
density ρ [17]. From theories of passive liquid crystalline
mixtures we also know that there is always a thermo-
dynamic “anchoring”, or preferential alignment, of the
director field at a fluid-fluid interface [18]. While the re-
sulting functional form of the interfacial active torque is
different (it is bilinear in the density gradients), it has a
qualitatively similar effect.
In this work, we explore the patterns that can form
in an inhomogeneous compressible active system in the
presence of the liquid crystalline anchoring term. Our
system is “dry”, meaning that we do not include the sol-
vent flow field in our equations of motion. Previously, we
denoted the system in the absence of anchoring as “ac-
tive model C” [17], following analogy with the existing
active field theory models [19, 20], and showed that ac-
tivity leads to non-equilibrium phase separation into MT
dense stripes, and, when the activity is sufficiently large,
to chaotic dynamics. Here we show that the interplay be-
tween anchoring and elasticity leads to a wider range of
patterns than what was found previously. Thus, for suf-
ficiently strong normal or tangential anchoring, we find
aster-like networks or active foams that are associated
with multiple topological defects. Many of the patterns
we find here are remarkably similar to those which self-
assemble in the microtubule-motor mixtures meant as
biomimetic in vitro models of microtubule cytoskeleton.
II. MODEL
Similarly to the case of passive Model C in Hohenberg-
Halperin classification [21] (HHC), we formulate our the-
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2ory using the set of evolution equations for two slow vari-
ables: a conserved scalar variable ρ(r, t) describing the
number density of MTs, and a tensor order parameter
Qij(r, t) characterising the average nematic alignment of
filaments.
In this active Model C, activity drives the system out
of equilibrium and the underlying free energy is no longer
determined. Nevertheless, the analogy with the passive
limit is still of some use and in the following we will
employ it where appropriate.
The nematic Q-tensor that we use to describe the
coarse-grained nematic order in 2D is a traceless sym-
metric matrix.
We can define a nematic director field, n = (nx, ny),
as the eigenvector corresponding to the larger (positive)
eigenvalue of the Q-tensor. This field denotes the average
orientation of individual MT filaments. For the sake of
brevity we suppress the space- and time-dependence of
variables in the following text. The indices i and j take
the values of Cartesian components x, y. Our equations
of motion have the following general form:
∂tρ =∇2ρ2 + χ∂i∂j (ρQij) , (1)
∂tQij =
[
(ρ− 1)− αQklQkl
]
Qij + κ∆Qij
+ 2ω
(
∂iρ∂jρ− 1
2
δij∂kρ∂kρ
)
, (2)
where ∇2 denotes the Laplacian, and ∂i and ∂t denote
the spatial derivative in the i-th direction and the time
derivative, respectively. The last term in Eq.(2) is the
symmetrised and traceless part of ∂iρ∂jρ.
The first term in Eq.(1) for the density evolution plays
the role of a non-equilibrium chemical potential – similar
to one entering the conventional Cahn-Hilliard equation
(or Model B in HHC). It can be considered as an active
contribution to the isotropic diffusion, however it has a
quadratic form since typically a MM interacts with two
MTs at the same time. We assume that pairwise MT
interactions dominate over three-body interactions and
omit cubic (or higher order) term. Thermal diffusion
is not explicitly included. This is a difference with the
continuum theories for self-propelled particles proposed
elsewhere [22].
The second term in Eq.(1) is an extensile flux of MTs
coming from the motor-induced MT sliding; its strength
is parametrised by χ. This contribution enhances MT
diffusion along the direction of nematic order and accu-
mulates filaments in the perpendicular direction. This
term was derived in [17] by rigorously coarse-graning a
microscopic model for a MM-MT mixture.
The terms of Eq.(2) enclosed in the square brackets
provide an active analogue of the Landau terms describ-
ing concentration-induced ordering, which governs the
isotropic-nematic phase transition in passive liquid crys-
tals. The linear term defines the critical density of the
isotropic-nematic transition, ρIN , whereas the saturating
cubic term determines the equilibrium value of Qij in a
homogeneous nematic state.
The term proportional to the Laplacian of Q plays the
role of elasticity in a one-elastic-constant approximation.
In general, this effective elastic constant depends on the
motor activity [17].
Finally, the last term of Eq.(2) describes the non-
equilibrium anchoring to the density interface in our ac-
tive systems. Negative and positive values of ω corre-
spond to parallel (tangential) and perpendicular (nor-
mal) anchoring respectively.
Hereafter, we fix the magnitude of the saturating term
in Eq.(2) to α = 0.05 and independently vary the val-
ues of the free parameters χ, κ, and ω. Whilst the first
two are always positive, the last parameter can change
sign. Note that the density is normalised by the critical
density of the isotropic-nematic transition. Additionally,
the effective translational and rotational diffusion coef-
ficients in Eq.(1) and (2) are both equal to unity as we
have scaled space and time in our equations to make them
dimensionless.
A. Linear stability analysis
Before investigating the non-linear dynamics of
Eqs. (1-2), we consider their linear stability, as this pro-
vides a useful reference.
An isotropic initial state with homogeneous initial den-
sity ρ0 becomes unstable to small spatial perturbations
when ρ0 > 1 (Fig. 1a). The maximal eigenvalue corre-
sponds to growth of nematic alignment and of Qij . The
dispersion curve depicted in Fig. 1b selects no wavelength
(as the maximum is at k = 0), so that the system spon-
taneously breaks the rotational symmetry and tends to
form a homogeneous nematic state.
In turn, the homogeneous nematic initial state with
the largest eigenvalue of the Q-tensor given by Q0 =√
(ρ0 − 1)/2α is unstable to small perturbations when
1 < ρ0 < ρN . In the long wavelength approximation,
ρN is a function of χ and α. The boundary of linear
instability is defined by the following relation (Fig. 1, see
Appendix for details):
χcr =
4
√
2α
√
ρN − 1ρN
3ρN − 2 . (3)
From Fig. 1a it is clear that for any nonzero χ, there is
always a density range where the nematic phase is unsta-
ble. Within the unstable region, the dispersion relation
shows that the fastest growing mode has now a well-
defined wave-vector perpendicular to the orientation of
filaments (Fig. 1c). At early stages of the instability, the
corresponding lengthscale can be identified with a typical
domain size. However, numerical simulations discussed
below demonstrate that the domain size changes slowly
in time and the system is prone to coarsening.
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FIG. 1. Linear stability analysis of equations (1-2) (α =
0.05). a) Within the white region the isotropic homogeneous
state is stable. Above the red line (ρIN = 1) the system loses
stability and becomes nematic. The homogeneous nematic
state is stable in the orange region for ρ0 > ρN (above the blue
line), and is unstable to phase separation within purple region.
b-c) Dispersion relations for homogeneous isotropic (b) and
homogeneous nematic (c) initial states (χ = 0.5, κ = 0.5).
The red and blue lines correspond to ρ0 = 1 and ρ0 = 1.1,
respectively.
III. NUMERIC RESULTS
To explore the nonlinear dynamics of Eqs. (1-2) we
solve them numerically. All numerical solutions are ob-
tained by standard finite differences methods with pe-
riodic boundary conditions [23, 24]. The initial config-
uration in our simulations is either an isotropic or ne-
matic uniform states perturbed by a small-amplitude
white noise. All initial densities reported below satisfy
1 < ρ0 < ρN , i.e. we only consider the parameter range
where the globally homogeneous nematic state is linearly
unstable.
First, we consider a system without anchoring (ω = 0).
In this case, the behaviour is determined by the mi-
crotubule density and the activity parameter χ. For
all 1 < ρ0 < ρN , filaments form dense nematically or-
dered bands, which are surrounded by isotropic low den-
sity regions. The spatial profiles of ρ and of the posi-
tive eigenvalue of Qij are approximately proportional to
each other. Even in the absence of anchoring (ω = 0),
the anisotropic nature of the active flux is sufficient to
provide an effective tangential alignment of the director
field at the interface. This “active anchoring” has been
reported previously [17].
The kinetic and steady state patterns, which we ob-
serve in the presence of the anchoring term, depend on
the value of the elastic constant. Therefore, we now sep-
arately discuss the strong and the weak elasticity regimes
that correspond to large and small values of κ, respec-
tively.
A. Strong elasticity limit
At large κ, the system initially forms a defect-free ne-
matically ordered band that subsequently breaks down.
Such bands become unstable via two scenarios that cor-
respond to either tangential (ω < 0) or normal (ω > 0)
anchoring (Figs. 2 a and c, S. Movies 1 and 2). For the
reasons which will become clear shortly, we will call these
rotational and bending instabilities, respectively.
If ω = 0, straight bands are always stable (see Fig. 2 b)
and coarsening from a state with multiple bands is very
slow in our simulations. Unlike the activity term in clas-
sic incompressible active gels [1], the χ term is not, by
itself (i.e., if ω = 0), sufficient to yield chaotic behaviour.
Instead, it creates an effective tangential alignment, as
discussed above. This term also controls the extent of
phase separation: the stronger the anisotropic flux, the
larger is the difference between minimal and maximal
densities.
When anchoring is normal (ω > 0), bands undergo a
rotational instability. This instability arises because the
normal anchoring conflicts with the tangential ordering
generated by the χ term. More specifically, the imposed
anchoring rotates the nematic orientation close to the in-
terface, which in turn rotates the director in the bulk of
the band due to the high elasticity that prevents gradi-
ents in Qij . Activity then stretches the band along the
nematic director and shrinks it in the perpendicular di-
rection, so that the band eventually breaks into several
smaller ones (Fig. 2 c, S. Movie 2). These bands continue
rotating, expanding, elongating and breaking up creating
a cycle which never settles into a steady state. Bands can
also merge when they meet, or occasionally disappear.
In a statistically averaged steady state, there exists more
than one band. This rotational instability has been pre-
viously demonstrated for MT-MM mixtures [17] and for
self-propelled particles with nematic ordering [25, 26].
In the case of tangential anchoring (ω < 0), the active
and imposed anchoring are no longer in conflict. Never-
theless, there is another instability that destabilises ne-
matic bands, which we refer to as the “bending mode”.
To illustrate its mechanism, we consider a straight band
that is deformed into a weakly undulating one. The suf-
ficiently strong anchoring term favours a bend deforma-
tion, where the MT orientation within the band aligns
with that at the undulating interface. Since the an-
choring term does not come from a free energy, there is
no thermodynamic restoring force straightening up the
band, and the undulation is instead increased by the ac-
tivity χ, which creates an extensile flux along the MT
direction. The interplay of (non-equilibrium) anchoring
and activity then acts effectively as a negative surface
tension favouring an increase in the length of the inter-
face. This means that straight bands are no longer stable
and our system constantly tends to increase the curva-
ture of interfaces, eventually resulting again in chaotic
behaviour (Fig. 2 a). In line with this interpretation, we
find that a straight band is linearly unstable to undu-
4FIG. 2. Numeric simulations in the strong elasticity limit: (a)
bending instability of the band for tangential anchoring (ω =
−1.8); (b) stable band (ω = 0), and (c) rotational instability
of the band for normal anchoring (ω = 0.45). In all snapshots
κ = 0.36, ρ0 = 1.1, χ = 0.55; colour represents ρ, while grey
lines give the principle eigenvector of the Q-tensor.
lations as the strength of tangential anchoring increases
(see S. Movie 3). We note that a similar instability was
found in other models for dry active matter in [27, 28],
although the mechanism underlying their formation was
not discussed in detail in those works.
Additionally, we find that simulations replacing the ac-
tive term χ∂i∂j(ρQij) in Eq.(1) with a term proportional
to ∂i((∂jρ)Qij), which could be written in terms of the
effective free energy, yield no patterns. This shows that
the key ingredient to generate instability in Eq.(1) is the
‘advective’ term χ∂i(ρ∂j(Qij)).
In summary, the activity parameter χ drives phase sep-
aration and creates the active particle flux, whereas the
anchoring is necessary to create instabilities. However,
setting χ = 0 eliminates patterns completely as this elim-
inates the route to phase separation. Thus, within our
model, we need both χ and ω to obtain either of the two
instabilities.
B. Weak elasticity limit
If κ is small, then the model behaviour is different.
In this case, non-equilibrium anchoring and activity can
prevail over elasticity. As a result, we observe formation
of topological defects, which are accompanied by density
inhomogeneities.
In the case of normal anchoring (ω > 0), the decrease
of elasticity leads to the formation of topological defects
coincident with peaks in MT density. In this scenario, de-
fects have a positive topological charge of +1 and in the
following we refer to them as asters. High-density asters
arise because the active flux pushes material towards the
defect, further increasing the density. In turn, density
gradients create radial ordering of microtubules. An in-
dividual aster is associated with multiple active bundles
(Fig. 3 a, S. Movie 4). Asters interact elastically via the
MT bundles that connect them to form an active net-
work (Fig. 3 b and c, S. Movie 5). For high density and
small χ, the network becomes much less dynamic and we
observe a tendency of asters to form a hexagonal lattice.
In the case of tangential anchoring (ω < 0), the de-
crease in elasticity of undulating bands creates defects
with topological charge −1/2. These coincide with dense
trefoil-shaped patterns of ρ. As the magnitude of an-
choring is increased, trefoils first form the repelling pairs
having the shape of “doggy bones” (Fig. 3 d, S. Movie 6)
and then percolating foam-like networks (Fig. 3 e and f,
S. Movie 7). For high density and small χ, we observe
formation of an almost stable network of −1/2 defects.
The observed networks arise as the tangential anchoring
favours creation of MT rings (or hexagons) that consti-
tute the building blocks of our active foams.
To quantitatively estimate the topological charge in
the system, we use the following equation for its den-
sity [16]
q = ∂xQxk∂yQyk − ∂xQyk∂yQxk. (4)
Since the average of q over the whole system is zero, in
Fig.4 we use 〈q2〉 as a measure of the average topological
defects number, where 〈·〉 denotes spatial average over
the whole system. We also average 〈q2〉 over time, after
removing the initial transient behaviour.
We observe that 〈q2〉 increases with the decrease of the
elastic constant κ for both positive and negative ω (Fig. 4
a). This is physically intuitive, as decreasing κ reduces
the thermodynamic penalty incurred by the forming de-
fects. This can lead to the increase in their number.
In the case of negative ω (tangential anchoring), the
transition between states with and without defects is very
smooth. In particular, for intermediate κ, we first observe
formation of meta-stable trefoil defects, which later on
disappear. This leads to a small value of 〈q2〉 in this
regime. However, for small κ, defects become more stable
and their number quickly grows (blue line in Fig. 4 b).
For positive ω (normal anchoring), the transition is
much sharper, and we observe no long-lived metastable
structures, so that the self-assembled asters are more sta-
ble than the trefoil structures (orange line in Fig. 4 b).
To demonstrate the absence of coarsening in the pat-
terns found at low elasticity, we explore the time evo-
lution of the defects number. The results are shown in
Fig. 3, where it can be seen that the number of defects
decreases over time but remains at a finite value once a
statistical steady state is reached. In Fig. 3 we also show
that for ω > 0 the number of positive (aster-like) defects
increases with the rise in activity (Fig. 4 c) and decreases
with the increase in elasticity (Fig. 4 d). The same is true
for the negative ω (not shown).
IV. DISCUSSION AND CONCLUSIONS
In summary, here we introduced a simple phenomeno-
logical model for pattern formation in an active filament-
molecular motor mixture. Our equations of motion are
minimal, but, nonetheless, they give rise to a surpris-
ing wealth of patterns, which entail nonequilibrium phase
separation and nontrivial spatiotemporal dynamics. The
range of patterns we find includes chaotic dynamics of ac-
tive bands that continuously rotate or undulate. These
5FIG. 3. Numeric results for the weak elasticity regime. Subplots (a-c) demonstrate structures with normal anchoring: (a)
formation of an aster with multiple discrete arms (ω = 1.5, κ = 0.05); (b) active network of asters; (c) density of the topological
charge dominated by +1 defects (ω = 1.5, κ = 0.025). Subplots (d-f) represent patterns with tangential anchoring: (d) trefoils
forming a “doggy bone” pair (ω = −1.75, κ = 0.1); (e) active network of trefoils resembling “active foam” (ω = −1.75, κ =
0.005); (f) density of the topological charge dominated by -1/2 defects (ω = −1.75, κ = 0.005). (c) and (f) correspond to (b)
and (e) respectively. In all snapshots ρ0 = 1.1, χ = 0.4.
patterns were found previously in several models of dry
active matter [17, 22, 25, 26, 28, 29]. Importantly, we
also observe previously not documented patterns with
topological defects, such as networks of asters and active
foams.
The key parameters of our active model C are the ac-
tive extensile flux, χ > 0, the strength of anchoring, ω,
and the elastic constant κ. The sign of ω determines
whether the anchoring at the interface between the high
and low density regions is normal (ω > 0) or tangential
(ω < 0). The anchoring created by ω is a non-equilibrium
contribution: indeed a thermodynamic anchoring, which
could be derived from an effective free energy, would re-
quire ω to appear in the ρ equation as well. The mag-
nitude of κ determines the nature of the resulting pat-
terns. For large κ, we obtain defect-free patterns with
active bands, whereas for low κ we obtain patterns with
topological defects.
As our model describes extensile activity, it is appli-
cable to mixtures of microtubules and molecular motors,
such as those constituting the “hierarchically assembled
active matter” studied experimentally in [8, 15]. It is
intriguing that those systems exhibit density inhomo-
geneities, which are reminiscent of our phase-separated
microtubule bands. Bands studied in the experiments
undergo a bending instability, which is qualitatively akin
to the one we find with large κ and ω < 0. However,
as yet there is no report of observing rotational insta-
bility similar to that we find at large κ and ω > 0.
On the other hand, other microtubule-motor mixtures
spontaneously self-organise into a network of asters in
vitro [5, 12]. These structures are qualitatively similar to
the aster patterns we observe at low κ and ω > 0. Again,
these studies have not yet reported formation of active
foams, such as those we find at low κ and ω < 0. How-
ever, dense patterns with topological charge −1/2 were
obtained in motility assays [30]. These results indicate
that not all possible combinations of κ and ω can be re-
alised in a real physical systems. Our results suggest that
it might be possible to switch from undulating patterns
to asters in the same experimental system, if one can find
a way to decrease κ and increase ω simultaneously.
The mechanism underlying aster formation in our
model is different from the one traditionally discussed
in the literature[31–33]. In those works, asters arise as a
Landau transition occurs in the polar order of filaments,
while the nematic Q-tensor is an enslaved variable which
plays a secondary role. In our case, instead, the Q-tensor
plays the leading role. For example, when the elasticity
is low, a density inhomogeneity can create an aster via
the anchoring term in the equation for Q, and the as-
sociate active extensile flux creates filament bundles and
increases the density at the aster core, stabilising the
network. Although one still can define an effective po-
larisation pi, which is determined by the instantaneous
values ∂iρ and ∂jQij , as discussed in [17], this field is
enslaved to the density and the Q-tensor, and plays no
role in the dynamics of the system.
Importantly, asters and foams found in the active
model C with anchoring presented here have not yet been
reported in similar systems of equations that describe
dry nematic active matter but lack the non-equilibrium
anchoring contribution which we have proposed in this
work. This suggests that the anchoring term might be
6FIG. 4. a-b) Time and space averaged net topological charge
(〈q2〉) shown as a function of ω and κ for the fixed parameter
χ = 0.4. Plot (a) depicts a heatmap of 〈q2〉; dotted line
represents a nominal threshold (〈q2〉 = 1), below which we
observe formation of defects. Plot (b) shows the cross-sections
corresponding to ω = ±1.5. Plots c-d) illustrate the evolution
of the defect number n. They demonstrate the absence of
coarsening, the decrease of n with the growth of κ, and the
increase of n with the growth of χ. c) Dependence of n on
the elastic constant κ (χ = 0.4, ω = 1.5). d) Dependence of n
on the activity χ (κ = 0.05, ω = 1.5).
necessary to stabilise states with non-trivial topological
defects. We cannot exclude the possibility that aster net-
works and active foams may exist also in other versions
of the active model C such as [17], but in a substantially
smaller parameter range. Finally, we note that, while
we have focused here on the case of extensile active flux
(χ > 0 ), considering χ < 0 would lead to qualitatively
similar patterns. Indeed, our simulations suggest that
switching the signs of both χ and ω leads to the same
types of patterns.
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VI. APPENDIX
Here, we discuss the linear stability analysis of the ho-
mogeneous nematic state with ρ(r, t) = ρ0, Qxx(r, t) =
−Qyy(r, t) = Q0, and Qxy(r, t) = 0, where Q0 =√
(ρ0 − 1)/2α. The stability of this state is determined
by the eigenvalues of the following matrix −2ρ0k2 − χk¯2Q0 χk¯2ρ0 −2χkxkyρ0Q0 −κk2 − 2(ρ0 − 1) 0
0 0 −κk2
 ,
obtained by linearising Eqs.(1) and (2) around the ho-
mogeneous nematic state; perturbations are expanded in
Fourier waves, where k is the corresponding wave vector,
and we have also introduced k¯2 = k2x − k2y.
We analyse the spectrum of this matrix and observe
that the largest eigenvalue corresponds to a perturbation
perpendicular to the direction of the nematic order (kx =
0, ky = k). In this case, the system can be decomposed
into two uncoupled problems, and the unstable mode is
given by the eigenvalues of the following matrix(
k2 (−2ρ0 + χQ0) χk2ρ0
Q0 −κk2 − 2(ρ0 − 1)
)
.
In the long-wave limit, the largest eigenvalue is real and
is given by
λmax = k
2
(
−2ρ0 + χQ0 + χρ0Q0
2(ρ0 − 1)
)
+O(k4).
Thus, the system becomes unstable when:
χ >
4
√
2α
√
ρ0 − 1ρ0
3ρ0 − 2 .
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